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0. Introduction
In [MNVW], Minahan, Nemeschansky, Vafa and Warner computed “Euler characteristics” of
SU(2)-instanton moduli spaces on rational elliptic surfaces. In order to state their formula, let
us introduce some notations. Let π : X → P1 be a rational elliptic surface, s a section of π and f a
fiber of π. For x, y ∈ H2(X,Z), we define a pairing (x, y)∗ := −(x, y), where (x, y) is the intersection
pairing. Then the orthogonal complement
〈s, f〉⊥ := {x ∈ H2(X,Z)|(x, s)∗ = (x, f)∗ = 0}
is isomorphic to the E8-lattice. Under the action of translations by 2x, x ∈ E8 and the Weyl group
W (E8), there are three orbits which are represented by v0, veven, vodd respectively, where v0 = 0,
(v2even)∗ = 4, and (v
2
odd)∗ = 2. We shall choose a Hodge metric g such that the size of f is very
small. Let V (vλ,∆) be the instanton moduli spaces of topological invariants (vλ,∆). Let Zv(τ), v ∈
H2(X,Z) be the partition function considered by Vafa and Witten in [V-W]. Up to holomorphic
anomaly, they are generating functions of “χ(V (v,∆))”:
Zv(τ) = q
−2χ(X)/24
∑
∆
“χ(V (v,∆))”q∆, (0.1)
where q = exp(2π
√−1τ).
Recently, Minahan, Nemeschansky, Vafa and Warner computed related partition function Z2 (
numbers of BPS states) [MNVW, (6.14), (6.15)]. Since the number of BPS states is minus the Euler
characteristics, their formulas (6.15) are stated as follows:
Z0(τ) =
−1
24η(τ)24
(
Ê2(τ)P0(τ) +
(
θ3(τ)
4θ4(τ)
4 − θ2(τ)
8
8
)
(θ3(τ)
4 + θ4(τ)
4)
)
,
Zeven(τ) =
−1
24η(τ)24
(
Ê2(τ)
Peven(τ)
135
− θ2(τ)8 (θ3(τ)
4 + θ4(τ)
4)
8
)
,
Zodd(τ) =
−1
24η(τ)24
(
Ê2(τ)
Podd(τ)
120
− 1
8
θ2(τ)
4E4(τ)
)
,
where Zλ(τ) = (Zvλ(τ) + Zf+vλ(τ))/2. For the definition of Pλ(τ), see (1.2).
On the other hand, it is expected that there is a good compactification V (vλ,∆) of V (vλ,∆) such
that “χ(V (vλ,∆))” can be thought of some Euler characteristics of V (vλ,∆). In particular, we may
expect that if the Gieseker’s compactification M(vλ,∆) is smooth (in our case, vλ 6= 0 or ∆ 6∈ 2Z),
then “χ(V (vλ,∆))” coincides with the ordinary Euler characteristics χ(M(vλ,∆)).
In this paper, we shall compute χ(M(vλ,∆)) and compare two results (Theorem 3.7). In particular,
we show that they coincide up to holomorphic anomaly coming from E2(τ) and unknown terms
coming from singular spaces!
In section 1, we collect some equalities on (quasi) modular forms. In section 2, we shall consider
moduli of stable sheaves on rational elliptic surfaces. In particular, we shall define our invariant
Z˜λ(τ) and get a description of Poincare´ polynomials of moduli spaces. Since X is 8 points blow-ups
of Σ1, there is a morphism ψ : X → P1 such that general fibers are P1. Let g ∈ H2(X,Z) be
1
the cohomology class of a fiber. Then we get (f 2) = (g2) = 0. Let Θf,gH2(X,Z) be the Jacobi form
of Go¨ttsche and Zagier [G-Z1] associated to f, g. Then Poincare´ polynomials of moduli spaces are
related to this Jacobi form. Since the orthogonal complement of 〈f, g〉 is the D8-lattice, we can
describe our invariants by using D8-theta functions. E2(τ) also appears as a contribution of 〈f, g〉.
These calculations are treated in section 3.
After wrote up the first version of this paper, the author heard that Go¨ttsche and Zagier [G-Z2]
related Hodge numbers of moduli spaces to Jacobi forms in a more general situation. In particular,
they showed that Euler characteristics and signatures have generating functions in terms of (quasi)
modular forms. If moduli space is smooth and has a universal family, then Beauville [B] showed that
cohomologies classes are generated by algebraic cycles. Hence Poincare´ polynomials in section 3.3
also give presentations of Hodge numbers of moduli spaces.
Notation.
Let X be a smooth projective surface. For a torsion free sheaf E on X , we set
∆(E) := c2(E)− rk(E)− 1
2 rk(E)
(c1(E)
2) ∈ Q.
Let H be an ample divisor on X . For a pair (c1,∆) ∈ H2(X,Z) × Q, let MH(c1,∆) be the moduli
space of semi-stable sheaves E of rank 2 on X such that c1(E) = c1 and ∆(E) = ∆.
For a rational surface X , we set
Zt(X, u) :=
1
(1− u)b0(X)(1− tu)b2(X)(1− t2u)b4(X) .
If X is defined over a finite field Ft of t elements, then Zt(X, u) is Weil’s zeta function of X .
For a smooth manifold M ,
P (M, t) :=
∑
i
bi(M)t
i/2
is the Poincare´ polynomial of M .
We set
θ2(τ) :=
∑
n∈Z+1/2
qn
2/2 E2(τ) := 1− 24
∑
n>0
σ1(n)q
n
θ3(τ) :=
∑
n∈Z
qn
2/2 E4(τ) := 1 + 240
∑
n>0
σ3(n)q
n
θ4(τ) :=
∑
n∈Z
(−1)nqn2/2 e1(τ) := −1
6
(1 + 24(
∑
n
σodd1 (n)q
n))
Θ(τ) := θ3(2τ) F (τ) :=
∑
n>0,2∤n
σ1(n)q
n,
where q = exp(2π
√−1τ), σk(n) =
∑
d|n d
k, k = 1, 3 and σodd1 (n) =
∑
d|n,2∤d d. Since E2(τ) is not
modular, we also consider Ê2(τ) := E2(τ)− 3/(π im τ).
For a positive definite lattice L with a pairing ( , ), we define the lattice theta function:
ΘL(x, u) :=
∑
n∈L
u(n
2)/2e(n,x), (0.2)
where u := exp(2π
√−1τ) and e := exp(2π√−1). For λ ∈ LR, we set
(ΘL|λ)(x, u) :=
∑
n∈L+λ/2
u(n
2)/2e(n,x). (0.3)
Remark 0.1. In the usual notation [G-Z1], ΘL|λ = ΘL|(λ, 0).
2
1. Preliminaries
We shall collect some equalities which will be used later.
Lemma 1.1.
e1(τ) = −1
6
(−E2(τ) + 2E2(2τ)),
F (τ) = − 1
24
(E2(τ)− 3E2(2τ) + 2E2(4τ)),∑
d|n,2∤(n/d)
dqn =
E2(2τ)−E2(τ)
24
,
∑
d|n,2∤(n/d)
(−1)ddqn = E2(τ)− 5E2(2τ) + 4E2(4τ)
24
.
Lemma 1.2.
−6e1(τ) = θ3(τ)
4 + θ4(τ)
4
2
= Θ(τ)4 + 16F (τ),
θ4(2τ)
4 = Θ(τ)4 − 16F (τ),
θ2(2τ)
4 = 16F (τ),
θ2(τ)
8 = 16Θ(τ)416F (τ).
(1.1)
Proof. We note that θi(2τ)
4 (i = 2, 3, 4), θ2(τ)
8, θ3(τ)
4 + θ4(τ)
4, e1(τ) and F (τ) are modular form
for Γ0(4). Hence these are polynomials of Θ(τ) and F (τ). Comparing Fourier coefficients of small
orders, we get our lemma.
Corollary 1.3.
θ2(τ)
4 = θ3(τ)
4 − θ4(τ)4.
It is known that
ΘE8(0, τ) =
θ2(τ)
8 + θ3(τ)
8 + θ4(τ)
8
2
= E4(τ).
We set
P0(τ) := E4(2τ),
Peven(τ) :=
E4(τ/2) + E4(τ/2 + 1/2)
2
− E4(2τ),
Podd(τ) :=
E4(τ/2)−E4(τ/2 + 1/2)
2
.
(1.2)
Then we obtain the following lemma.
Lemma 1.4.
P0(τ) =
θ2(2τ)
8 + θ3(2τ)
8 + θ4(2τ)
8
2
, (1.3)
Peven(τ)
135
=
θ2(2τ)
8 + θ3(2τ)
8 − θ4(2τ)8
2
, (1.4)
Podd(τ)
120
=
θ2(2τ)
6θ3(2τ)
2 + θ2(2τ)
2θ3(2τ)
6
2
. (1.5)
Proof. The first equality is trivial. We note that Peven(τ) and Podd(2τ) belong to Γ0(4). Hence, in
the same way as in Lemma 1.2, we get our lemma.
3
2. moduli spaces on rational elliptic surfaces
2.1. Definition of invariants. Let π : X → P1 be a rational elliptic surface and f a fiber of π.
X is obtained by 9 points blow-ups of P2. We assume that every fiber is irreducible. Let H be the
pull-back of the ample generator of H2(P2,Z), and C1, C2, . . . , C9 the pull-backs of the classes of
exceptional divisors. Then
H2(X,Z) = ZH ⊕ ZC1 ⊕ ZC2 ⊕ · · · ⊕ ZC9.
We set g := H − C1. Then g defines a morphism φ : X → P1, which is factored to X → Σ1 → P1.
For a sufficiently large integer n, nf + g becomes an ample divisor on X . For a c1 ∈ H2(X,Z)
and a rational number ∆, we can choose a divisor h such that the equations for ξ ∈ H2(X,Z) with
−((2ξ + c1)2) ≤ 4∆
(2ξ + c1, f) = 0, (2ξ + c1, g) = 0, (2ξ + c1, h) = 0 (2.1)
have no other solution than ξ = −c1/2. For a polarization Ln1,n2 := n1f+n2g+h with n1 ≫ n2 ≫ 1,
we shall consider moduli spacesMLn1,n2 (c1,∆). It is known thatMLn1,n2 (c1,∆) is a smooth projective
variety, unless 2|c1 and ∆ ∈ 2Z [M]. We shall quot a useful lemma due to Go¨ttsche [G2].
Lemma 2.1. Let H be a divisor on a surface X which belongs to the closure of the ample cone. We
assume that there is a non-negative number k ∈ Q such that c1(KX) = −kc1(H). For c1 ∈ H2(X,Z)
and ∆ ∈ Q, we shall choose a general ample divisor L on X. We assume that MH+ǫL(c1,∆) is
smooth. Then P (MH+ǫL(c1,∆), t), 0 < ǫ≪ 1 does not depend on L and ǫ.
Proof. Since ǫ is sufficiently small, every element E of MH+ǫL(c1,∆) is µ-semi-stable with respect
to H . Let L′ be another general ample divisor. For rank 1 torsion free sheaves I1, I2 such that
(c1(I1)−c1(I2), H) = 0, (c1(I1)−c1(I2), L′) > 0 and (c1(I1)−c1(I2), L) < 0, we see that Ext2(I1, I2) ∼=
Hom(I2, I1 ⊗KX)∨ = 0. Then we get that∑
∆
P (MH+ǫL(l,∆), t)q
∆ −
∑
∆
P (MH+ǫ′L′(l,∆), t)q
∆
=
1
t(t− 1)

∑
ξ∈H2(X,Z)+l/2
(ξ,H)=0
(ξ,L′)>0
(ξ,L)<0
(t2q)−(ξ
2)(t(ξ,KX) − t−(ξ,KX))

= 0.
Since we are only interested in Euler characteristics of MLn1,n2 (c1,∆), we may denote MLn1,n2 (c1,∆)
by M(c1,∆). It is known that
〈C1, f〉⊥ := {x ∈ H2(X,Z)|(x, C1)∗ = (x, f)∗ = 0}
is the E8-lattice. Hence we denote 〈C1, f〉⊥ by E8. We shall compute χ(M(c1,∆)), c1 ∈ E8. The
following proposition is due to Shioda [S].
Proposition 2.2. There is a family of rational elliptic surfaces πS : X → P1S with a family of
sections σ : P1S → X parametrized by S which satisfies that
(i) W (E8) acts on X , S and the action is compatible with the projection p : X → S.
(ii) There is a W (E8)-equivariant isomorphism
φ : E8 ⊕ Z⊕2 → R2p∗Z
such that φ(Z⊕2) = Zf ⊕ Zσ and φ(E8) = (Zf ⊕ Zσ)⊥, where the action of W (E8) to Z⊕2 is
trivial.
4
Since Maruyama [M] constructed a family of moduli of stable sheaves on fibers Xs, s ∈ S, we
obtain that,
Proposition 2.3. We assume that c1 belongs to (Zf ⊕E8) \ 2E8. For w ∈ W (E8), MLn1,n2 (c1,∆) is
deformation equivalent to Mw(Ln1,n2 )(w(c1),∆). In particular, P (M(c1,∆), t) = P (M(w(c1),∆), t),
w ∈ W (E8).
Since there are three orbits of the action of W (E8) to E8/2E8, we define our invariants to compute
as follows (cf. [MNVW, (3.15)]).
Definition 2.1. For a class c1 ∈ H2(X,Z), we set
Z˜c1(τ) := q
−2χ(X)/24
∑
∆
χ(M(c1,∆))q
∆. (2.2)
Let v0, veven and vodd be elements of E8 such that v0 = 0, (v
2
even)∗ = 4 and (v
2
odd)∗ = 2. We set
Z˜λ(τ) :=
1
2
(
Z˜vλ(τ) + Z˜f+vλ(τ)
)
, λ = 0, even, odd. (2.3)
2.2. Poincare´ polynomials of moduli spaces.
Definition 2.2. Let l ∈ H2(X,Z) be a cohomology class such that (l, g) = 0.
Mg(l,∆) is the set ( or the stack) of torsion free sheaves E of rank 2 on X such that
(i) E is semi-stable with respect to g, that is, E|D ∼= O⊕2D for general member D ∈ |g|,
(ii) (c1(E),∆(E)) = (l,∆).
We set
F (t, q) :=
1
(t2 − 1)(t− 1)
∏
a≥1
Zt(Σ1, t
2a−2qa)Zt(Σ1, t
2aqa),
G(t, q) :=
1
(t2 − 1)(t− 1)
{∏
a≥1
Zt(Σ1, t
2a−2qa)Zt(Σ1, t
2aqa)−
∏
a≥1
Zt(Σ1, t
2a−1qa)2
}
,
B0(t, u) :=
∑
n∈Z
un
2
tn = ΘA1(x, u),
B1(t, u) :=
∑
n∈Z+1/2
un
2
tn = (ΘA1|1/2)(x, u),
(2.4)
where ex = t and A1 is the A1-lattice.
Motivated by [Y2, Thm. 0.1 and Lem. 1.4] (also see [Y3, Cor. 3.5]), we define the Poincare´
polynomial of Mg(l,∆) ( or (t− 1)× (the number of Ft-rational points of Mg(l,∆))) as follows:
∑
∆
P (Mg(l,∆), t)q
∆ :=
F (t, q)B0(t, t
2q)8−nB1(t, t
2q)n∏
a≥1(1− (t2q)a)16
, (2.5)
where n = #{i|2 ≤ i ≤ 9, (l, Ei) ≡ 1 mod 2}.
Remark 2.1. This definition is closely related to SL-equivariant cohomologies of some spaces ([Y2,
sect. 4], [Y3, sect. 3]).
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In the same way as in the proof of [Y2, Prop. 3.3] (or, [Y1, Rem. 4.6], [G2]), we see that
∑
∆
P (M(l,∆), t)q∆ −
∑
∆
P (Mg(l,∆), t)q
∆
=
1
t(t− 1)

∑
ξ∈H2(X,Z)+l/2
(ξ,g)>0
(ξ,f)<0
(t2q)−(ξ
2)t(ξ,KX) −
∑
ξ∈H2(X,Z)+l/2
(ξ,g)≤0
(ξ,f)>0
(t2q)−(ξ
2)t(ξ,KX)

∏
a≥1
Zt(X, t
−1(t2q)a)2
− 1
2t(t− 1)

∑
ξ∈H2(X,Z)+l/2
(ξ,g)=0
(ξ,f)=0
(t2q)−(ξ
2)t(ξ,KX)

∏
a≥1
Zt(X, t
−1(t2q)a)2.
(2.6)
The last term comes from the contribution of the set of E which have the Harder-Narasimhan
filtration
0→ I1 → E → I2 → 0,
such that (c1(I1)− c1(I2), f) = (c1(I1)− c1(I2), g) = 0 and (c1(I1)− c1(I2), h) > 0.
Remark 2.2. If M(l,∆) is singular, that is, l = 0 and ∆ is even, then we shall define χ(M(l,∆)) by
this equation for a moment.
The first term is closely related to Jacobi form of Go¨ttsche and Zagier [G-Z1]. Hence we can expect
that ∑
∆
P (M(l,∆), t)q∆
has a good expression. As in the proof of [G-Z1, Thm. 3.9], we shall consider a sublattice 〈f, g〉 ⊕
〈f, g〉⊥ ⊂ H2(X,Z) and Jacobi forms associated with this lattice. We set

ei := C9−i − C10−i, (1 ≤ i ≤ 7),
e8 := H − C1 − C2 − C3,
p := (e1 + e3 + e5 + e8)/2,
q := (e7 + e8)/2.
(2.7)
Then we see that
〈f, g〉⊥ = Ze1 ⊕ Ze2 ⊕ · · · ⊕ Ze8
= D8,
(2.8)
and
H2(X,Z)/(〈f, g〉 ⊕ 〈f, g〉⊥) ∼= Z/2Z (f/2 + p)⊕ Z/2Z (g/2 + q). (2.9)
6
We set
A1(t, q) :=
∑
m,n>0
(t2q)4mn
t2m − t−2m
t− 1 ,
A2(t, q) :=
∑
m,n>0
(t2q)2m(2n−1)
t2m − t−2m
t− 1 ,
A3(t, q) :=
∑
m,n>0
(t2q)(2m−1)2n
t2m−1 − t−(2m−1)
t− 1 ,
A4(t, q) :=
∑
m,n>0
(t2q)(2m−1)(2n−1)
t2m−1 − t−(2m−1)
t− 1 .
Then we get that
Lemma 2.4.
A1(1, q) = 4
∑
n>0
σ1(n)q
4n =
4(1−E2(4τ))
24
,
A2(1, q) = 4
∑
m,n>0
mq2m(2n−1) =
4(E2(4τ)− E2(2τ))
24
,
A3(1, q) = 2
∑
n>0
σodd1 (n)q
2n =
−E2(2τ) + 2E2(4τ)− 1
12
,
A4(1, q) =
∑
m,n>0
2(2m− 1)q(2m−1)(2n−1) = 2F (τ).
The following is an easy consequence of the description of D8 in Z
8 [C-S, Chap. 4].
Lemma 2.5.
ΘD8(x, u) =
ΘZ(x, u)
8 +ΘZ(x+ 1/2, u)
8
2
,
(ΘD8|q)(x, u) =
ΘZ(x, u)
8 −ΘZ(x+ 1/2, u)8
2
,
(ΘD8|p)(x, u) = (ΘD8|(p+ q))(x, u)
=
(ΘZ|(1/2))(x, u)8
2
,
(ΘD8|(e1/2))(x, u) = (ΘD8|(e1/2 + q))(x, u)
=
ΘZ(x, u)
6(ΘZ|(1/2))(x, u)2
2
,
(ΘD8|(e1/2 + p))(x, u) = (ΘD8|(e1/2 + p+ q))(x, u)
=
ΘZ(x, u)
2(ΘZ|(1/2))(x, u)6
2
.
3. Computation of Z˜vλ(τ)
3.1. Computation of Z˜veven(τ). We first treat the case of Zveven . Hence we assume that c1 = e7+e8.
By using (2.5), (2.6) and the proof of [G-Z1, Thm. 3.9], we obtain the following proposition.
7
Proposition 3.1.∑
∆
P (M(e7 + e8,∆), t)q
∆ =
F (t, q)B0(t, u)
8∏
a≥1(1− ua)16
+
∏
a≥1
Zt(X, t
−1ua)2
{
− 1
t(t2 − 1)(t− 1)(ΘD8|q)(0, u
2)− 1
(t2 − 1)(t− 1)ΘD8(0, u
2)
+
A1(t, q)(ΘD8|q)(0, u2)
t
+
A2(t, q)(ΘD8|(p+ q))(0, u2)
t
+
A3(t, q)ΘD8(0, u
2)
t
+
A4(t, q)(ΘD8|p)(0, u2)
t
− (ΘD8 |q)(0, u
2)
2t(t− 1)
}
, (3.1)
where u = u(t) := t2q.
By Lemma 2.5, (ΘD8 +ΘD8|q)(0, u2) = B0(1, u)8. Hence we get that∑
∆
P (M(e7 + e8,∆), t)q
∆ =
G(t, q)B0(t, u)
8∏
a≥1(1− ua)16
+
∏
a≥1
Zt(X, t
−1ua)2
{
B0(t, u)
8 −B0(1, u)8
(t+ 1)(t− 1)2
+
(
1
(t2 − 1)(t− 1) −
1
t(t2 − 1)(t− 1)
)
(ΘD8|q)(0, u2)
+
A1(t, q)(ΘD8|q)(0, u2)
t
+
A2(t, q)(ΘD8|(p+ q))(0, u2)
t
+
A3(t, q)ΘD8(0, u
2)
t
+
A4(t, q)(ΘD8|p)(0, u2)
t
− (ΘD8 |q)(0, u
2)
2t(t− 1)
}
=
G(t, q)B0(t, u)
8∏
a≥1(1− ua)16
+
∏
a≥1
Zt(X, t
−1ua)2
{
B0(t, u)
8 −B0(1, u)8
(t+ 1)(t− 1)2
− 1
2t(t+ 1)
(ΘD8|q)(0, u2) +
A1(t, q)(ΘD8 |q)(0, u2)
t
+
A2(t, q)(ΘD8|(p+ q))(0, u2)
t
+
A3(t, q)ΘD8(0, u
2)
t
+
A4(t, q)(ΘD8|p)(0, u2)
t
}
,
where u = t2q. In order to evaluate at t = 1, we need the following two lemmas.
Lemma 3.2.
q−1/3G(1, q) =
2
∑
n≥1 σ1(n)q
n
η(q)8
=
1− E2(τ)
12η(τ)8
. (3.2)
Lemma 3.3.
lim
t→1
B0(t, t
2q)−B0(1, t2q)
(t+ 1)(t− 1)2 = −
1
2
( ∑
m,n>0
(−1)mmqm(2n−1)
)
B0(1, q)
lim
t→1
B1(t, t
2q)−B1(1, t2q)
(t+ 1)(t− 1)2 = −
1
2
( ∑
m,n>0
(−1)mmq2mn − 1
8
)
B1(1, q).
(3.3)
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Proof. By the product formula,
B0(t, u) =
∏
m≥1
(1− u2m)(1 + u2m−1t)(1 + u2m−1t−1). (3.4)
Then we see that
d logB0
dt
=
∑
m>0
u2m−1(t2 − 1)
t2(1 + u2m−1t)(1 + u2m−1t−1)
. (3.5)
Hence we see that
lim
t→1
B0(t, u)− B0(1, u)
(t− 1)2 =
1
2
d2B0
dt2
(1, u)
=
∑
m≥1
u2m−1
(1 + u2m−1)2
= −
∑
m,n>0
(−1)nnu(2m−1)n.
Thus we obtain the first relation. For the second relation, we use the identity
B1(t, u) = u
1/4t1/2
∏
m≥1
(1− u2m)(1 + u2mt)(1 + u2m−2t−1). (3.6)
Combining Lemma 1.1, 2.4, 2.5, 3.2, 3.3 all together, we see that
Z˜veven(τ) = lim
t→1
q−1
∑
∆
P (M(e7 + e8,∆), t)q
∆
=
1
24η(τ)24
(
θ3(2τ)
8(−6E2(τ) + 19E2(2τ)− 16E2(4τ))
−θ4(2τ)8(−E2(2τ) + 4E2(4τ))− θ2(2τ)8(E2(τ)− E2(2τ))
)
.
The following is an easy consequence of Lemma 1.2.
Lemma 3.4.
15(θ3(2τ)
8 − θ4(2τ)8)e1(τ) + 48(4θ3(2τ)8 − θ4(2τ)8)F (τ)− 3θ2(2τ)8e1(τ)
=
1
8
θ2(τ)
8(θ3(τ)
4 + θ4(τ)
4).
(3.7)
Combining all together, we obtain that
Z˜veven(τ) =
1
24η(τ)24
(
θ3(2τ)
8(−6E2(τ) + 19E2(2τ)− 16E2(4τ))
+θ4(2τ)
8(−E2(2τ) + 4E2(4τ))− θ2(2τ)8(E2(τ)−E2(2τ))
)
=
1
24η(τ)24
(
−θ3(2τ)
8 − θ4(2τ)8 + θ2(2τ)8
2
E2(τ) + θ3(2τ)
8(15e1(τ) + 4 · 48F (τ))
− θ4(2τ)8(15e1(τ) + 48F (τ))− 3θ2(2τ)8e1(τ)
)
=− 1
24η(τ)24
(
E2(τ)Peven(τ)
135
− θ2(τ)8 (θ3(τ)
4 + θ4(τ)
4)
8
)
.
(3.8)
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3.2. Computation of Z˜v0(τ). By using (2.5), (2.6) and the proof of [G-Z1, Thm. 3.9] again, we
get that
Proposition 3.5.∑
∆
P (M(0,∆), t)q∆ =
F (t, q)B0(t, u)
8∏
a≥1(1− ua)16
+
∏
a≥1
Zt(X, t
−1ua)2
{
− 1
t(t2 − 1)(t− 1)ΘD8(0, u
2)− 1
(t2 − 1)(t− 1)(ΘD8|q)(0, u
2)
+
A1(t, q)ΘD8(0, u
2)
t
+
A2(t, q)(ΘD8|p)(0, u2)
t
+
A3(t, q)(ΘD8|q)(0, u2)
t
+
A4(t, q)(ΘD8|(p+ q))(0, u2)
t
− ΘD8(0, u
2)
2t(t− 1)
}
, (3.9)
where u = u(t) := t2q.
In the same way as in the even case, we see that
Z˜v0(τ) = lim
t→1
q−1
∑
∆
P (M(0,∆), t)q∆
=
1
24η(τ)24
(
θ3(2τ)
8(−6E2(τ) + 19E2(2τ)− 16E2(4τ))
+θ4(2τ)
8(−E2(2τ) + 4E2(4τ))− θ2(2τ)8(E2(τ)−E2(2τ))
)
.
By using Lemma 1.2 and Corollary 1.3, we see that
2θ4(2τ)
8(15e1(τ) + 3 · 16F (τ)) = −
(
θ3(τ)
4θ4(τ)
4(θ3(τ)
4 + θ4(τ)
4) + 3θ4(2τ)
12
)
.
(3.10)
Comparing Z˜v0(τ) with Z˜veven(τ), we obtain that
Z˜v0(τ) =
1
24η(τ)24
(
θ3(2τ)
8(−6E2(τ) + 19E2(2τ)− 16E2(4τ))
+θ4(2τ)
8(−E2(2τ) + 4E2(4τ))− θ2(2τ)8(E2(τ)−E2(2τ))
)
=
1
24η(τ)24
(
−θ3(2τ)
8 + θ4(2τ)
8 + θ2(2τ)
8
2
E2(τ) + θ3(2τ)
8(15e1(τ) + 4 · 48F (τ))
+ θ4(2τ)
8(15e1(τ) + 48F (τ))− 3θ2(2τ)8e1(τ)
)
=
−1
24η(τ)24
(
E2(τ)P0(τ) +
(
θ3(τ)
4θ4(τ)
4 − θ2(τ)
8
8
)
(θ3(τ)
4 + θ4(τ)
4) + 3θ4(2τ)
12
)
=
−1
24η(τ)24
(
E2(τ)P0(τ) +
(
θ3(τ)
4θ4(τ)
4 − θ2(τ)
8
8
)
(θ3(τ)
4 + θ4(τ)
4)
)
− 1
8η(2τ)12
.
(3.11)
Remark 3.1. Let Z˜ intv0 (τ) be the generating function of Euler characteristics associated to the inter-
section cohomologies IH∗(M(0, n),Q). Then in the same way as in [Y2, Rem. 4.6], we get that
Z˜ intv0 (τ) = Z˜v0(τ) +
1
4η(2τ)12
, (3.12)
where we used the definition of Z˜v0(τ) in Remark 2.2.
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3.3. Computation of Z˜vodd(τ). Since (e
2
1)∗ = 2, we may assume that vodd = e1 = C8 − C9. Then
similar computations show that
Proposition 3.6.∑
∆
P (M(e1,∆), t)q
∆ =
F (t, q)B0(t, u)
6B1(t, u)
2∏
a≥1(1− ua)16
+
∏
a≥1
Zt(X, t
−1ua)2
{
− 1
t(t2 − 1)(t− 1)(ΘD8|(e1/2))(0, u
2)− 1
(t2 − 1)(t− 1)(ΘD8|(e1/2 + q))(0, u
2)
+
A1(t, q)(ΘD8 |(e1/2))(0, u2)
t
+
A2(t, q)(ΘD8|(e1/2 + p))(0, u2)
t
+
A3(t, q)(ΘD8|(e1/2 + q))(0, u2)
t
+
A4(t, q)(ΘD8|(e1/2 + p+ q))(0, u2)
t
− (ΘD8|(e1/2))(0, u
2)
2t(t− 1)
}
, (3.13)
where u = u(t) := t2q.
Hence we get that
Z˜vodd(τ) = limt→1
q−1
∑
∆
P (M(e1,∆), t)q
∆
=
1
24η(τ)24
(
θ2(2τ)
2θ3(2τ)
6(−5E2(τ) + 13E2(2τ)− 8E2(4τ))
+θ2(2τ)
6θ3(2τ)
2(−E2(τ) + E2(2τ))
)
=
1
24η(τ)24
(
−θ2(2τ)
2θ3(2τ)
6 + θ2(2τ)
6θ3(2τ)
2
2
E2(τ)
+θ2(2τ)
2θ3(2τ)
6(9 · 16F (τ)− 3e1(τ)) + θ2(2τ)6θ3(2τ)2(−3e1(τ))
)
= − 1
24η(τ)24
(
E2(τ)
Podd(τ)
120
− 1
8
θ2(τ)
4E4(τ)
)
.
(3.14)
3.4. Main results. In the same way as in section 3.3, we can compute Z˜f+vλ(τ). In particular, we
obtain the following relations:
Z˜f+v0(τ) = Z˜v0(τ) +
1
4η(2τ)12
,
Z˜f+veven(τ) = Z˜veven(τ),
Z˜f+vodd(τ) = Z˜vodd(τ).
By using (3.8), (3.11) and (3.14), we obtain the following theorem.
Theorem 3.7.
Z˜0(τ) =
−1
24η(τ)24
(
E2(τ)P0(τ) +
(
θ3(τ)
4θ4(τ)
4 − θ2(τ)
8
8
)
(θ3(τ)
4 + θ4(τ)
4)
)
,
Z˜even(τ) =
−1
24η(τ)24
(
E2(τ)
Peven(τ)
135
− θ2(τ)8 (θ3(τ)
4 + θ4(τ)
4)
8
)
,
Z˜odd(τ) =
−1
24η(τ)24
(
E2(τ)
Podd(τ)
120
− 1
8
θ2(τ)
4E4(τ)
)
.
In particular, Z˜λ(τ) = Zλ(τ), up to holomorphic anomaly coming from E2(τ) and unknown terms
coming from singular spaces M(0, 2n).
By Remark 3.1 and our theorem, we conjecture the following.
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Conjecture 3.8. For rational surfaces,
Zv0(τ) = Z˜
int
v0
(τ)− 1
4η(2τ)χ(X)
, (3.15)
up to holomorphic anomaly.
As a final remark, we shall check the S-duality conjecture in [V-W]. We set wi := C1+ if, i = 0, 1.
In [Y4], we showed that
Zw0 =
1
2
(
1
η(τ/2)12
+
√−1
η(τ/2 + 1/2)12
)
,
Zw1 =
1
2
(
1
η(τ/2)12
−
√−1
η(τ/2 + 1/2)12
)
.
Hence we obtain that
ZSU(2)(τ) =
1
2
(
Z0(τ)− 1
8η(2τ)12
)
,
ZSO(3)(τ) = 2(Z0(τ) + 135Zeven(τ) + 120Zodd(τ)) +
256
η(τ/2)12
.
Then we see that
ZSU(2)(−1/τ) = −2−6
(
τ√−1
)−6
ZSO(3)(τ). (3.16)
Thus the S-duality conjecture in [V-W] hold for this case.
Acknowledgement. This work is motivated by [MNVW] (especially by the form of (6.15)) and
valuable discussions with C. Vafa. In particular, modular forms Ê2 and η
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